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We consider undirected graphs without loops or
multiple edges. If a and b are vertices in a graph Γ, then
d(a, b) denotes the distance between a and b, and Γi(a)
denotes the subgraph of Γ induced by the set of vertices
of Γ that are a distance of i away from a. The subgraph
Γ1(a) is called the neighborhood of a and is denoted
by [a].
Γ is called a regular graph of degree k if [a] contains
precisely k vertices for any vertex a in Γ. Γ is called an
amply regular graph with parameters (v, k, λ, μ) if Γ is
a regular graph of degree k on v vertices, and each edge
of Γ lies in λ triangles, and the subgraph [a] ∩ [b] con
tains μ vertices in the case d(a, b) = 2. An amply regu
lar graph of diameter 2 is called a strongly regular
graph.
A graph Γ of diameter d is said to be antipodal if the
relation of coincidence or being a distance of d apart
on its vertex set is an equivalence relation. The antip
odal quotient Γ' is a graph whose vertices are the antip
odal classes of Γ and two antipodal classes are adjacent
if a vertex of one class is adjacent to a vertex of the
other class. An antipodal graph Γ is called an rcover
ing (of its antipodal quotient) if each of its antipodal
classes contains precisely r vertices.
Let  denote a complete npartite graph
with parts of orders m1, m2, …, mn. If m1 = m2 = … =
mn = m, then this graph is denoted by Kn × m.
If vertices u and w are separated by a distance of i
in Γ, then bi(u, w) (ci(u, w)) denotes the number of ver
tices in the intersection of Γi + 1(u) (Γi – 1(u)) with [w]. A
graph of diameter d is called a distanceregular graph
with an intersection array {b0, …, bd – 1; c1, …, cd} if
bi(u, w) and ci(u, w) are independent of the choice of
the vertices u and w separated by the distance i. Let
Km1 … mn, ,
ai = k – bi – ci and ki = |Γi(u)| (ki is independent of the
choice of the vertex u).
In [1] a program was proposed for the study of dis
tanceregular graphs whose local subgraphs (neigh
borhoods of vertices) are strongly regular with an
eigenvalue of 3. The problem in [1] was reduced to the
case where neighborhoods of vertices belong to a finite
set of graphs.
Graphs whose local subgraphs are strongly regular
with λ = 1 are of special interest. The wellknown
strongly regular graph with λ = 1 is the point graph of
the generalized quadrangle GQ(2, t) for t = 1, 2, 4 or a
graph with parameters (81, 20, 1, 6), (243, 22, 1, 2), or
(729, 112, 1, 20). The amply regular graphs whose
local subgraphs are the point graphs of generalized
quadrangles GQ(2, t) and a graph with parameters (81,
20, 1, 6) were classified in [2] and [3], respectively.
It is not known whether there exist strongly regular
graphs with parameters (99, 14, 1, 2) and (115, 18, 1,
3) and with an eigenvalue of 3.
In this paper, we classify the distanceregular
graphs whose local subgraphs are isomorphic to a
strongly regular graph with parameters (99, 14, 1, 2).
Theorem.| Let Γ be a distanceregular graph whose
local subgraphs are strongly regular with parameters
(99, 14, 1, 2). Then one of the following assertions holds:
(1) Γ is an antipodal graph with the intersection array
{99, 84, 1; 1, 14, 99} or {99, 84, 1; 1, 12, 99} and wit the
spectrum 991, , –199, –  or 991, 11315, –199,
–9385, respectively.
(2) Γ is a primitive graph with the intersection array
{99, 84, 30; 1, 6, 54} and the spectrum 991, 27141, 51080,
–91034.
Let us present some auxiliary results.
Lemma 1. Let Γ be a strongly regular graph with
parameters (v, k, λ, μ). Then either k = 2μ and λ = μ – 1
(socalled half case) or the nonprincipal eigenvalues n – m
and –m of Γ are integers, where n2 = (λ – μ)2 + 4(k – μ),
n – λ + μ = 2m, and the multiplicity of n – m is
. Moreover, if m is an integer larger
than 1, then m – 1 divides k – λ – 1 and
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Proof. This is Lemma 3.1 from [4].
Lemma 2. Let Γ be a strongly regular graph with
parameters (v, k, λ, μ), and let Δ be an induced sub
graph on N vertices of degrees d1, …, dN with M edges.
Then
where xi = xi(Δ).
Lemma 3. Let Γ be a strongly regular graph with
parameters (99, 14, 1, 2) and eigenvalues 3 and –4, Δ
be a seconddegree regular subgraph of Γ on n vertices,
Xi be the set of vertices of Γ – Δ that are adjacent to pre
cisely i vertices from Δ, and xi = |Xi|. Then the following
assertions hold:
(1)  = 99 – n, xi = 12n, xi = n +
 – n = n2 – 3n, and x0 + xi =
99 + n2 – 16n.
(2) n ≤ 33.
(3) If n = 4, then x0 = 51; if n = 6, then x0 ≤ 39; if
n = 7, then x0 ≤ 36; and if n = 9, then x0 ≤ 36.
Proof. By Lemma 2, we have  = 99 – n, xi =
12n, and xi = n +  – n = n
2 – 3n.
Therefore, x0 + xi = 99 + n
2 – 16n. Asser
tion (1) is proved.
In view of [5], we have –4 ≤ 2 –  ≤ 3. There
fore, n ≤ 33. Moreover, if n = 33, then each vertex of
Γ – Δ is adjacent to precisely  = 6 vertices in Δ.
If n = 4, then x2 = 4, x0 = 51, and x1 = 40. If n = 5,
then x0 ≤ 99 – 55 = 44. If n = 6, then x0 ≤ 99 – 60 = 39.
If n = 7, then x0 ≤ 99 – 63 = 36. If n = 9, then x0 ≤ 99 –
63 = 36.
Lemma 4. Let Γ be a strongly regular graph with
parameters (99, 14, 1, 2), and let X and Y be subsets of
vertices of Γ such that there are no edges between X and Y.
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Then |X| · |Y| ≤  and, if |X| = |Y|,
then |X| ≤ 19.
Proof. Since there are no edges between X and Y,
Proposition 4.6.1 in [6] implies that |X| · |Y| ≤
, where θ1 = 3 and θ2 = –4
are nonprincipal eigenvalues of Γ. From this, |X| · |Y| ≤
.
If |X| = |Y|, we have 29|X| ≤ 7(99 – |X|) and |X| ≤ 19.
Lemma 5. Let Γ be a distanceregular graph of diam
eter d ≥ 3 whose local subgraphs are strongly regular with
parameters (99, 14, 1, 2), and let θ0 = k > θ1 > … > θd
be the eigenvalues of Γ. Then θ1 ≤ 27 and θd ≥ –20.
Proof. By Terwilliger’s theorem [7, Theorem 4.4.3],
–4 ≥ b– = –1 – , 3 ≤ b+ = –1 – . There
fore, θ1 ≤ 27 and θd ≥ –20.
In what follows, let Γ be a connected amply regular
graph of diameter d whose local subgraphs are strongly
regular with parameters (99, 14, 1, 2). Fix a vertex u in
Γ and set ki = |Γi(u)|.
Lemma 6. The following assertions hold:
(1) The diameter of Γ is larger than 2 and μ ∈ {4, 6,
7, 9, 11, 12, 14, 18, 21, 22, 27, 28}.
(2) If the diameter of Γ is larger than 3, then μ ∈
{4, 6, 7, 9, 11, 12, 14, 18}.
(3) If the diameter of Γ is larger than 4, then μ < 18.
Proof. By assumption, k = 99 and λ = 14. If the
diameter of Γ is 2, then, by Lemma 1, the number (λ –
μ)2 + 4(k – μ) is the square of a positive integer n.
Therefore, (μ – 16)2 + 336 = n2 and (μ, n) ∈ {(8, 20),
(11, 19), (21, 19), (24, 20), (33, 25)}. Consequently,
Γ has the eigenvalues 13, –7; 11, –8; 6, –13; 5, –15; or
3, –22. In any case, the multiplicities of the eigenval
ues are not integers.
Let the diameter of Γ be larger than 2. By Lemma 3,
μ < 33. Since μ is a divisor of 99 · 84, we have μ ∈ {4, 6,
7, 9, 11, 12, 14, 18, 21, 22, 27, 28}. Assertion (2) is
proved.
Let the diameter of Γ be larger than 3, and let u, w,
x, y, z be a geodesic 4path in Γ. Then there are no
edges between [u] ∩ [x] and [x] ∩ [z] in the graph |x|
and, by Lemma 4, we have μ ≤ 18. From this, μ ∈ {4, 6,
7, 9, 11, 12, 14, 18}.
Let the diameter of Γ be larger than 4. Then  ≤
c3 ≤ b2 and μ ≠ 18.
Lemma 7. The parameter μ is at most 18.
Proof. Assume that μ > 18. By Lemma 6, the diam
eter of Γ is 3 and μ ∈ {21, 22, 27, 28}.
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If μ = 28, then k2 = 99 · 3 and, by Lemma 4, we have
292 · 4b2 ≤ 7 · 71(99 – b2). Therefore, b2 ≤ 12, c3 ≥ 28 –
b2 + 16 and c3 ∈ {33, 36, 44, 45, 54, 55, 63, 66, 72, 77,
81, 88, 90, 99}. In any case, there are no admissible
intersection arrays.
Let μ = 27. Then k2 = 11 · 28 and, by Lemma 4, we
have b2 ≤ 12. Furthermore, b2 is divided by 9 and c3 ∈
{36, 42, 44, 54, 56, 63, 66, 72, 88, 99}. In any case,
there are no admissible intersection arrays.
Let μ = 22. Then k2 = 9 · 42 and, by Lemma 4, we
have b2 ≤ 15. Furthermore, b2 is even and b1b2 is
divided by 11, a contradiction.
Let μ = 21. Then k2 = 9 · 44 and, by Lemma 4, we
have b2 ≤ 17. If c3 ∈ 66, then θ1 > 27, a contradiction.
Hence, c3 ∈ {66, 68, 72, 77, 81, 84, 88, 90, 96, 99}. If
b2 = 12 and c3 = 88, the graph has the integer eigenval
ues 15, –1, –22. In any case, there are no admissible
intersection arrays. The lemma is proved.
In Lemmas 8 and 9, the diameter of Γ is assumed
to be 3.
Lemma 8. If 9 < μ ≤ 18, then Γ has the intersection
array {99, 84, 1; 1, 14, 99} or {99, 84, 1; 1, 12, 99}.
Proof. Assume that 9 < μ ≤ 18.
Let μ = 18. Then k2 = 11 · 42 and, by Lemma 4,
b2 ≤ 20 and b2 is divided by 3. If c3 < 66, then θ1 > 27, a
contradiction. Therefore, c3 ∈ {66, 70, 72, 84, 99}. In
any case, there are no admissible intersection arrays.
Let μ = 14. Then k2 = 11 · 54 and, by Lemma 4, we
have b2 ≤ 25. If c3 < 66, then θ1 > 27, a contradiction. If
c3 > 66, then Γ has the intersection array {99, 84, 1; 1,
14, 99} and the spectrum 991, , –199, – .
Let μ = 12. Then k2 = 11 · 63 and, by Lemma 4, we
have b2 ≤ 29. Furthermore, a2 is even, while b2 and c3
are odd. If c3 < 63, then θ1 > 27, a contradiction. If
c3 > 66, then Γ has the intersection array {99, 84, 1; 1,
12, 99} and the spectrum 991, 11315, –199, –9385.
Let μ = 11. Then k2 = 27 · 28 and, by Lemma 4,
b2 ≤ 31 and b2 is divided by 11. If c3 < 60, then θ1 < 27,
a contradiction. Therefore, c3 ∈ {63, 72, 84}. In any
case, there are no admissible intersection arrays.
Lemma 9. If 4 ≤ μ ≤ 9, then Γ has the intersection
array {99, 84, 30; 1, 6, 54}.
Proof. Assume that 4 ≤ μ ≤ 9.
Let μ = 9. Then k2 = 11 · 84 and, by Lemma 3, b2 ≤ 36
and b2 is divided by 3. If c3 < 54, then θ1 > 27, a contra
diction. If c3 ≥ 54, there are no admissible intersection
arrays.
Let μ = 7. Then k2 = 99 · 12 and, by Lemma 3, we
have b2 ≤ 36. If c3 < 52, then θ1 > 27, a contradiction.
If c3 ≥ 53, there are no admissible intersection arrays.
Let μ = 6. Then k2 = 99 · 14 and, by Lemma 3, we
obtain b2 ≤ 39. If c3 = 54, then Γ has the intersection
array {99, 84, 30; 1, 6, 54}. In the other cases, there are
no admissible intersection arrays.
Let μ = 4. Then k2 = 99 · 21 and, by Lemma 3, we
obtain b2 ≤ 51. Furthermore, a2 is even, while b2 and c3
99
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are odd. If c3 < 38, then θ1 > 27, a contradiction. In any
case, there are no admissible intersection arrays.
Lemma 10. If d(Γ) = 4, then there are no admissible
intersection arrays.
Proof. Let μ = 18. Then k2 = 11 · 42. By Lemma 4,
b2 ≤ 20 and b2 is divided by 3. Therefore, b2 = 18. If
c3 ≤ 66, then θ1 > 27, a contradiction. Thus, c3 ∈ {77, 84},
a contradiction to θ4 < –20.
Let μ = 14. Then k2 = 11 · 54. By Lemma 4, we have
b2 ≤ 25. If c3 < 66, then θ1 > 27, a contradiction. There
fore, c3 ∈ {66, 69, 72, 75, 77, 81, 84}. In any case, there
are no admissible intersection arrays.
Let μ = 12. Then k2 = 99 · 7 and, by Lemma 4, we
have 12 ≤ b2 ≤ 29. Furthermore, a2 is even. Therefore,
b2 and c3 are odd. If c3 ≤ 64, then θ1 > 27, a contradic
tion. Therefore, c3 ∈ {69, 75, 77, 81}. If c3 ≤ 77, then
θ1 > 27. Thus, c3 = 77 and c4 = 84. In this case, there
are no admissible intersection arrays.
Let μ = 11. Then k2 = 9 · 84 and, by Lemma 4, 11 ≤
b2 ≤ 31 and b2 is divided by 11. If c3 ≤ 60, then θ1 > 27,
a contradiction. Therefore, c3 ∈ {66, 77, 84}. In any
case, there are no admissible intersection arrays.
The cases μ = 4, 6, 7, 9 are treated in a similar fash
ion. The lemma is proved.
Throughout the rest of this paper, we assume that
d = d(Γ) ≥ 5.
Lemma 11. The following assertions hold:
(1) If μ = 14, then d ≤ 4, while, if μ = 11, 12, then
d ≤ 5.
(2) If μ = 9, then d ≤ 6, while, if μ = 4, 6, 7, then
d ≤ 7.
Proof. By Theorem 5.2.1 in [7], we have c3 – b3 ≥
c2 – b2 + 16, …, ci – bi ≥ ci – 1 – bi – 1 + 16. Summing up
the inequalities termwise yields ci – bi ≥ c2 – b2 + (i –
2) · 16.
If μ = 14, then k2 = 99 · 6 and, by Lemma 4, we have
b2 ≤ 25 and c3 – b3 ≥ 14 – b2 + 16. Therefore, d ≤ 5. In
the case d = 5, we obtain b3 ≤ c3 – 5 ≤ b2 – 5. If c3 = 19,
then b2 = 19 and b3 ≤ 8, a contradiction. Therefore,
c3 ≥ 20 and, if b2 ≠ 21, then b3 = 14, which contradicts
the fact that c3 divides 99 · 84. Therefore, b2 = 21 and
b3 ≤ c3 – 9, a contradiction to the fact that c3 divides
99 · 126.
If μ = 12, then k2 = 99 · 7 and a2 is even, while b2
and c3 are odd. Furthermore, by Lemma 4, we have
b2 ≤ 29 and c3 – b3 ≥ 12 – b2 + 16. Therefore, d ≤ 6. If
d = 6, then b2 = 29 and c3 – b3 = –1. Therefore, b3 is
divided by 12 and either b3 = 24 and c3 = 23 or b3 = 12
and c3 = 11. In any case, we have a contradiction.
If μ = 11, then, by Lemma 4, b2 ≤ 31 and b2 is
divided by 11. Therefore, b2 ≤ 22. Furthermore, c3 – b3 ≥
11 – b2 + 16 and d ≤ 5.
If μ = 9, then k2 = 11 · 84 and b2 is divided by 3. By
Lemma 3, we have b2 ≤ 36. Therefore, c4 – b4 ≥ 9 – b2 + 32
and d ≤ 7. Let d = 7. Then b4 ≤ c4 – 5 and, if b4 ≥ 17,
then, by Lemma 4, we have c4 ≤ 21, a contradiction.
Therefore, c3 ≤ b4 ≤ 16. If c3 = 14, then, by Lemma 4,
c4 ≤ b3 ≤ 25. Since c4 is divided by 9, we have c4 = 18
740
DOKLADY MATHEMATICS  Vol. 88  No. 3  2013
 MAKHNEV
and b4 < 13, a contradiction. If c3 = 16, then c4 is again
divided by 9 and, by Lemma 4, we have c4 ≤ 18, a con
tradiction. Therefore, c3 = 15; b2 is divided by 15; c4 is
divided by 3; and, by Lemma 4, we have c4 ≤ b3 ≤ 24.
Now b4 ≤ c4 – 11. If b3 = 18, then c4 ≤ 18 and b4 ≤ 13, a
contradiction. From this, b3 is not divided by 9, b4 is
divided by 3, and b4 = 15. Therefore, c4 ≤ 26, a contra
diction.
If μ = 7, then, by Lemma 3, we have b2 ≤ 36. There
fore, c4 – b4 ≥ 7 – b2 + 32 and d ≤ 7.
If μ = 6, then k2 = 99 · 14 and, by Lemma 3, we have
b2 ≤ 39. Therefore, c4 – b4 ≥ 6 – b2 + 32 and d ≤ 8. Let
d = 8. Then c4 ≤ b4 ≤ c4 + 1. If c4 = b4, then, by Lemma
4, we have b4 ≤ 19, a contradiction to 0 = c4 – b4 ≥ c3 –
b3 + 16. Therefore, c4 + 1 = b4 and, by Lemma 4, we have
b4 ≤ 20, a contradiction to ⎯1 = c4 – b4 ≥ c3 – b3 + 16.
If μ = 4, then k2 = 99 · 21, a2 is even, b2 and c3 are
odd, and b3 and c4 are divided by 4. Furthermore, by
Lemma 3, we have b2 ≤ 51. Therefore, c5 – b5 ≥ 4 –
b2 + 48 ≥ 1 and d ≤ 9. Assume that d ≥ 8. If b5 ≥ 19, then,
by Lemma 4, c5 ≤ 19, a contradiction. From this, b5 ≤ 18.
If c4 ≥ 20, then, by Lemma 4, we have b4 < 20, a con
tradiction. Therefore, c4 ≤ 16.
If c3 ≥ 14, then, by Lemma 4, b3 ≤ 25. Therefore,
16 – b4 ≥ c3 – b3 + 16 and c4 ≤ b4 ≤ b3 – 14 ≤ 11, a con
tradiction. If c3 = 13, then b2 ≤ 39 and, by Lemma 4,
b3 ≤ 27. Since b3 is divided by 4, we have b3 ≤ 24. There
fore, 16 – b4 ≤ 13 – b3 + 16 and c4 ≤ b4 ≤ b3 – 13 ≤ 11, a
contradiction.
The cases c3 = 7, 9, 11 are treated in a similar man
ner.
Lemma 12. If d > 4, then θ1 > 27.
Proof. Let d = 5. For μ ≥ 6, computer enumeration
gives θ1 > 38 and, if μ = 4, then θ1 > 27.
Let d = 6. For μ ≥ 6, computer enumeration yields
θ1 > 60 and, if μ = 4, then θ1 > 50.
Let d = 7. For μ ≥ 6, computer enumeration pro
duces θ1 > 72 and, if μ = 4, then θ1 > 59. The lemma,
together with the theorem, is proved.
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